SUMMARY: This study examined the size distribution of local infection clusters (referred to as clusters hereafter) of measles and rubella from 2008-2013 in Japan. When the logarithm of the cluster sizes were plotted on the x-axis and the logarithm of their frequencies were plotted on the y-axis, the plots fell on a rightward descending straight line. The size distribution was observed to follow a power law. As the size distribution of the clusters could be equated with that of local secondary infections initiated by 1 patient, the size distribution of the clusters, in fact, represented the effective reproduction numbers at the local level. As the power law distribution has no typical sizes, it was suggested that measles or rubella epidemics in Japan had no typical reproduction number. Higher the population size and higher the total number of patients, flatter was the slope of the plots, thus larger was the proportion of larger clusters. An epidemic of measles or rubella in Japan could be represented more appropriately by the cluster size frequency distribution rather than by the reproduction number.
INTRODUCTION
Measles is a leading cause of deaths among young children globally, and rubella causes congenital rubella syndrome in mothers infected within 20 weeks of gestation. Both the infections cause rash and fever, and are seasonal and transmitted through respiratory droplets from person-to-person. The World Health Organization launched a measles and rubella elimination program (1) . Although the program has progressed, there have been difficulties even in countries that have successfully eradicated polio in the past (2) . Why is eliminating measles so difficult?
The elimination of measles requires maintaining the effective reproduction number R to ＜1 (3), where R is the average number of secondary infections produced when 1 infected individual is introduced into a host population where everyone is susceptible (4) . However, the size distribution of the secondary infections, which is crucially important for interpreting the average, has rarely been examined directly during actual epidemics. This study examined the frequency distribution of the sizes of local infection clusters of measles and rubella in Japan from 2008-2013.
MATERIALS AND METHODS
As per the Infectious Disease Control Law in Japan, since 2008, it is obligatory for physicians to notify within 7 days all the cases of measles and rubella diagnosed by them (5) . The weekly incidence of measles and rubella in each prefecture has been monitored by the National Epidemiological Surveillance of Infectious Diseases (NESID) (6-7). As there are 47 prefectures in Japan and 1 year consists of 52 weeks, the data could be presented as a 47 × 52 lattice as shown in Table 1 . In this study, a cluster is defined as a group of patients reported from the same prefecture in successive weeks, with at least 1 week of 0 reporting before and after a certain instance of reporting. For example, if the numbers of patients reported weekly by a prefecture appears in the order of 0-0-1-0-2-3-1-0…, the underlined groups of figures``1'' and``2-3-1'' would each constitute a cluster. A cluster has 2 parameters of size, the total number of patients (mass) and the duration of uninterrupted measles reporting (length). Thus, cluster``1'' has a mass of 1 and length of 1, and cluster``2-3-1'' has a mass of 6 and length of 3. To determine the mass and length, clusters were grouped in size ranges, such as 2 0 , 2 1 , ＞2 1 -2 2 , ＞2 2 -2 3 …, and the upper limit of the size range was used to represent the size of each group. The frequency of the size was calculated by adding the numbers of clusters within the size range. For example, a cluster of size 2 3 consists of clusters of sizes 5, 6, 7, and 8. If the frequencies of the respective sizes are 1, 0, 2, and 0, the frequency of the cluster is calculated as 1 ＋ 0 ＋ 2 ＋ 0 ＝ 3.
A cluster could be produced by a local virus spread or by chance. Therefore, we examined whether the obtained cluster size distribution could be explained by the chance event or not. Fig. 1A shows a simulation of chance events obtained by tossing 125, 250, 500, 1,000, 2,000, 4,000, 8,000, or 16,000 coins into a 47 × 52 lattice at random, and estimating the frequency distribution of the mass sizes of the clusters as defined above. The horizontal axis indicates the cluster mass size and the vertical axis denotes its frequency. When 125, 250, or 500 coins were tossed, the plots approximately fell on straight lines; the slopes -s, the coefficient of x, obtained by the logarithmic approximations were -2.578, -1.808, and -1.377, respectively. When 500 or more coins were tossed, the plots became convex and when the number of coins reached 16,000, the plots further departed from the straight line (panel A). The same data , y ＝ 259.14e
, and y ＝ 351.69e
, which were inserted for comparison to the actual data with the simulation assuming occurrence at random. Panel B: Zipf plot to the simulated data. Horizontal axis: mass of clusters (in log 10 ); vertical axis: rank number (in log 10 ).
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Measles, Rubella, and Power Law were used for the Zipf type plots (8) , where the clusters were ranked in the descending order of the mass size, and the mass size was plotted on the horizontal axis and the rank on the y-axis in the logarithmic scale (panel B). The plots were generally concave, and did not fall on straight lines (Fig. 1B) .
RESULTS
The upper panels of Fig. 2 show the plots of size versus its frequency. All the plots fell on rightward descending straight lines, which could be approximated by the equation y ＝ Ae -sx , where x denotes the log 2 of the size, y denotes its frequency, and constants A and -s are the y-intercept (at x ＝ 2 0 ) and the slope, respectively. In the case of the mass of measles (panel A1-M), the approximation straight lines followed equations y ＝ 67. Fig. 1A) . The plots for 2008 with 11,012 patients fell on a straight line, with the slope -s ＝ -0.59, even though convex curves were expected from the random events (the plots for the tossed coins 8,000 or 16,000 in Fig. 1A ). Essentially the same observations were made for the length of measles (panel A1"L). The Zipf type plots (8), log-log plot of the mass (panel A2-M) or the length (panel A2-L) in the x-axis and the rank number in the y-axis, fell on straight lines even though the random process predicted convex curves. The plots for the mass of rubella (panels B1-M and B2-M) were essentially the same as those for the mass of measles.
Thus, for both measles and rubella, the frequency distributions of local infection cluster sizes could not be explained by chance events. The secondary infections initiated by 1 patient must have been the main cause of formation of the clusters. Because reproduction number was defined as the average number of secondary infections produced by a typical infective person (4), the frequency distribution of cluster sizes was equivalent to the frequency distribution of the reproduction numbers.
Thus, the frequency distribution of the reproduction number of measles and rubella followed a power law (8) (9) (10) (11) (12) (13) (14) (15) . The mean and variance of power law probability distributions can become infinite when the slope is flat due to frequent large-size events (8) . Therefore, applying conventional statistics based on variance and standard deviation can be inappropriate to represent measles or rubella epidemics in Japan. ; 2013`y ＝ 165.2x -0.54 .
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For measles, the slope for 2009-2013 was steeper, with fewer cases (447, 732, 439, 283, and 229 in the respective years), than that for 2008, with a larger number of cases (11,012 cases). For rubella, the slope for 2008-2011 was steeper, with fewer cases (293, 87, 147, and 378 in the respective years), than that for 2012-2013, with more cases (2,386 and 14,433 in the respective years). Thus, higher the total number of patients, flatter was the slope, and lower the total number of patients, steeper was the slope. In other words, higher the total number of patients, higher was the proportion of large-sized clusters, and lower the total number of patients, higher was the proportion of small-sized clusters.
As the epidemics of measles and rubella were under the influence of population size/density (16), the prefectures were divided into 2 groups, a small-sized prefecture group (34 prefectures with a population2,330 × 1,000) and a large-sized prefecture group (13 prefectures with a population2,617 × 1,000) ( Table 1 ). As shown in Fig. 3 , the slope for the mass and length was steeper for the small-sized prefecture group than that for the large-sized prefecture group (panels A1-M and A1-L for the mass and length of measles and panel B1-M for the mass of rubella). In panels A2 and B2 in Fig. 3 , the slope -s is plotted against the total number of patients in the 2 prefecture groups. The plots for the large prefecture group were observed to be above those for the small prefecture group and the distribution of the plots showed the right side rising. The data suggested that higher the population size and/or larger the total number of patients, flatter was the slope, and consequently, Measles, Rubella, and Power Law the proportion of large-sized clusters increased.
DISCUSSION
The above observations have been summarized in the following paragraphs. First, the distribution of the cluster sizes was scale-free or followed a power law (8) (9) (10) (11) (12) (13) (14) (15) . The kinetics can be explained using a model depicted in Fig. 4A . If an epidemic starts with N number of infections, at step 1, the fraction p of N, i.e., pN, transmits the infection to the next case to become the seed of further expansion, and (1-p)N remains as size ＝ 2 0 to become the dead end. At step 2, the fraction p of pN, i.e., p 2 N, transmits the infection to the next case, and the fraction (1-p) of pN, i.e., (1-p)pN, remains as size ＝ 2 1 to become the dead end. Similarly, at step i, the fraction p of p i-1 N, i.e., p i N, transmits the infection, and the fraction (1-p) of p i-1 N, i.e., (1-p) p i-1 N, remains as size ＝ 2 i-1 to become the dead end. Thus, the frequency of sizes 2 0 , 2 1 , 2 2 , 2 3 , 2 4 …2 i-1 will be (1-p)N, (1-p)pN, (1-p)p 2 N…(1-p)p i-1 N…, i.e., cluster size variation follows geometric distribution. A simplified model is shown in Fig. 4B , where p ＝ 1/2 and N ＝ 16. The parameter p can be equated to the slope of the plots, which was e -0.52 ( ＝ 1/1.68 ＝ 0.6), and N to the total number of clusters counted, which was 278. Thus, 101 infections from the initial 278 infections were considered aborted from further expansion. This analysis indicated the epidemiological importance of clusters with only 1 patient. Higher the proportion of isolated cases, higher were the transmission barriers, such as a lower population size/density or higher population immunity. (In this model, the step was considered in terms of steps of local transmissions and not in terms of the The model, though simplistic, is compatible with the findings of the current measles and rubella epidemics in Japan. The transmission will be limited to person-toperson contact during the short period of 4-7 days preceding symptom development because adults, who dominate the patient population (17), will rarely go out with rash and fever. As a measles/rubella epidemic depended not only on demography but also on the ongoing epidemic (Fig. 3 panels A and B) , the virus will spread more easily in the area where the virus has spread successfully (as long as sensitive population remains). Fig. 4B shows a simplified presentation of the model with N ＝ 16 and p ＝ 1/2. It was compatible with the virus spread on pre-existent (often unperceived, such as, workplace, schools, etc.) scale-free human networks rather than random spread. The large local infection clusters can be associated with infection of hubs (18) . Meanwhile, because of high contagiousness, measles and rubella virus will spread to other prefectures to become new seeds. If the virus moves to populated places and finds hubs, it will produce large infection clusters, whereas if it strays into less populated places with fewer hubs, the secondary spread will be aborted. Compatibility of the above data with the SIR model (4) may require further investigation.
Second, when the prefectures were grouped into those with a large population and those with a small population, the plots for these subgroups fell again on straight lines, i.e., if the parental group followed the power law, the subgroups also followed the power law.
Third, the slope was always flatter for the large prefecture group than that for the small prefecture group, i.e., higher the population size, larger was the proportion of the larger clusters (Fig. 3 , panels A1-M, A1-L, and B1-M), consistent with the previous observation that higher the population size/density, higher was the incidence of measles or rubella (16) . Panels A2 and B2 in Fig. 3 show that with increase in the number of patients, the slope of the plots became flatter, and with decrease in number of patients, the slope of the plots became steeper. Measles and rubella epidemics seem to be autocatalytic. This property of measles epidemic may explain why measles elimination was accomplished relatively quickly in some regions, but has been difficult in other regions (19) . Fourth, as already indicated, clusters defined in the present analysis could be regarded as local secondary spreads initiated by 1 patient, which were equivalent to secondary infections produced by a typical infective person (reproduction number) (4). Thus, the frequency distribution of the reproduction number, at least in terms of local spread, of measles or rubella in Japan, followed the power law, i.e., it had no typical size. Therefore, the slope -s and the maximum cluster size x max of the scalefree distribution y ＝ Ae -sx were better indicators of an epidemic because the mean and variance of the true distribution can become infinite (8) , which depart from the statistics computed from the observed data. The maximum cluster size, x max , can be approximated by the x coordinate for y ＝ 1, i.e., x max ＝ (ln A)/s. For example, in determination of the mass of the rubella epidemic in 2013, the approximations were y ＝ 101.7e -0.52x , s ＝ 0.52, and x max ＝ ln 101.7/0.52 ＝ 4.62/0.52 ＝ 8.9, i.e., 2 9 or about 500 (corresponding with the extrapolation to the x-axis of the plots of rubella in 2013 in Fig. 4A ). Another indicator, which is much simpler, would be the proportion of clusters with only 1 patient among the total clusters, i.e., 101 in 278 in the above example.
Lastly, though the cluster size was equal to the size of secondary infection starting from an infective person in the present analysis, ideally, the claim has to be verified by epidemiological and virological investigations of every cluster. However, such a study, if not impossible, is very difficult in practice. For example, in spite of the greatest efforts made by the people involved in measles elimination in Japan in 2014, among the total 1,047 notified cases, only 421 could be laboratory confirmed and only 13 could be linked epidemiologically (20) . In addition, the NESID database is currently disconnected from the laboratory database. In the current situation, this problem could be assessed by applying the method to various infections with different transmission modes to evaluate if their frequency distribution is compatible with their transmission modes.
